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Abstract
We consider finite and infinite point sets of low discrepancy, (/, /;/, s)-  nets and (T, j-)- 
sequences. The parameters, /, T are directly related to the discrepancy of the point sets 
and thus indicative of their quality.

The definitions of these point sets fundamentally involve a further natural number 
b > 1 called the base. We examine single instances of the above objects w ith respect to 
different bases and try to reassess the quality parameters t, T. Upper estimates of the new 
respective parameters / , T'  are obtained by em ploying and, in some cases, explicitly 
calculating, sums of certain remainders. The ensuing estimates generalize and slightly 
improve known results of this type.

1. Motivation

For some time now, (/, m, j-)-nets and (T, .resequences have been recog­
nized as point sets (sequences) of very low discrepancy and as being espe­
cially useful in quasi-Monte Carlo integration. Again in this area, the 
integration of rapidly convergent Walsh series (see [4], [5], [3], [2]) yields 
very good results.

When performing integration of Walsh series with a (/, m, j^-net, 
where Walsh functions in a base b are used, it may not be appropriate or 
possible to use the same base for the net, whereas we still want to retain 
the good error estimates we have if  the bases are equal.
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One approach is to consider a function, which is by assumption a 
rapidly convergent Walsh series in base b, as a Walsh series to another base 
c for which good nets are easily obtainable and investigate its quality of 
convergence. This was done quite extensively in [8].

The ‘dual’approach would be to examine the net according to its qual­
ity with respect to a different base. (This is an example of what is known as 
a ‘propagation rule of nets’.) Some trivial relationships are immediate and 
already mentioned in early papers on the subject. In [7], Lemma 9 the idea 
of base change for (/,**?, j)-nets was given consideration. We were able to 
slightly improve this result and moreover give a more general form that 
connects the problem with the evaluation of sums of certain remainders.

As in [7], the results are also applied to low-discrepancy sequences, 
namely, (T, j-)- and (/,.resequences.

2. Conventions and Definitions

The definition of (/, /;/, j-) -nets is asfollows:

Definition 1. L et b > 2, j- > 1, and 0 < / < m be integers. Then a p o in t set 
P  = {x0, . , x iV- i  consisting o f  N  — bw points o f  [0, \ )s form s a (t,m,s)~ netin
base b i f  the number o f  n with 0 < // < IV — 1 f o r  which x„ is in the subinterval J  o f  
[0 , l ) s, is bf f o r  all

t —  TT f L  
J - 1 I  ytt J

/=1 L. 7
with integers dj > 0 and 0 < a-, < /Z' f o r  1 < / < s, and with s-dimensional 
volume y~ m

Intervals o f  theform o f J  ivill be called elementary intervals in base b.
Note that nets are finite point sets. An equivalent to (/, m, j)-nets in 

sequences are (T, .resequences (first introduced in [1]):

D efinition 2. L et b > 2 ,s  > 1, and  T l\Ji— be a fu n ct ion  such that 
T (m) < m. ^4 sequence {x/}^0 shall be called a (T, s•)-sequence in base b i f  f o r  every 
m G N, /g G N o, the point sets {x -,} )!,’ 1 are (T ( / ; / ) , x) -nets in base b.

I f  the function T is constant, say, T (/;/) = / G Nq(V/  ̂ G N), we obtain an 
important special case, which is called a (/, s-)-sequence in base b.

We introduce variables consistently used in this paper:

Convention 1. Throughout thispaper we shall consider tivo bases ivhich arepowers o f  the 
same integer b and designate them as bh and b/j, where b,h,h'  G M,b  > 2, /j, h' > 1. 
Further we w ill consider an arbitrary ( t ,m, s) -net  P in base b h{t, m̂  i  G t\J0, 0 < 
/ < m\m,s  > 1) and ask f o r  the optimal t '  such that P is a (/, ///, s) -net in base 
b h , where hm = ih n 1 a n d t ' , m' G No, 0 < /' < m\ m > 1.
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Since fo r  h" := (h,h') we can always write the bases as (b /} (b/j )h , we 
will w. I. o.g. assume that (/j, //) = 1.

The function M ( t " )  that we are going to define next is of essential 
importance in estimating the optimal t '

Definition 3. For some t"  £ {0, , 7} consider all partitions
o f  m ' — t"  in s parts (i. e. ^  d '  = m ' — t"  ,d [  > 0), where the d- are in ascending 
order. Set r-, := ( —h 'd f )  mod h (r, £ {0, .  , h  — 1}) and take the sum o f  all r,. 
By M ( t ")  we w ill denote the maximal sum o f  r,-, taken overallpartitions o fm ' —t " in s 
parts-.

f  S

0 < d [ <  < d's < m' — t " ,M ( t ") := m axi ^   ̂r,
y /=l

d'j — m'  — /;/, r, = ( —h'd'j)mod /; j . 
i=\ )

3. Results

The first result we arrive at is the following:
Theorem 1. L et b > 2, h, m, I f  j- > 1 0 < t  < m be integers with
hm = b'm' Then every ( t ,m ,  s)-net in base b,J is a (/7, m ', s)-net in base i f  , a/Zm1

t '  = min-jV^///7 — M (t" )  > /;/}.

Although M (t" )  and thus t ' are finitely computable, the calculatory 
effort is quite high since we have to compute all (ordered) partitions first. 
We give the following estimate for M(t") .

Lemma 1. For b , h , m , //, /?/, j , /, M ( t " )  as inTheorem 1, we have

M ( t " )  < m in{(—//mod h) (m  — t (j- — \)(h — 1) + (h' t" -\-s — 1 mod />)}.

Forh=1, 2,3,4 andforh ' = 1 or —1 (mod /;), the inequality is an equality. (Also 
f o r  the weaker condition h'~X mod h < ( j + l )/(x — 1).)

Applying the estimate to Theorem 1 leads to

Corollary 1. For b, h, m , h ' , /z?' , s , t  as inTheorem 1, every (/, ///, s)-netin base bh is 
a a (t1 ,m ' ,s)-net in base b h ,

min
ht + ( j — 1) (/; — 1) />/ + #/(—h ' m o d  h) 

h' + (-//mod h)
<

Remark 1. The second term in the preceding corollary prevails over thefirst term ivhenever 
the dimension j  is high and m is not too large. In more detail, the second term will be attained 
i f  thefollowing inequality isfulfilled:

m
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(a shortproof f o r  this sufficient condition can befound in the Proofs section).
We illustrate this with a numerical example. I f  we take

h — 3, /y = 2, / = 8, m — 12, s = 20,

the inequality isfulfilled. Evaluation o f  thefirst term in the Corollary gives 31, but since the 
trivial bound m =18 is already lower, this value must be rejected. The second term, however, 
leads to t ' =14 which is 4 points below the trivial bound.

Rem ark 2. The first term in Corollary 1 can already be obtainedfrom Temma 9 in [7] 
(vhere h'=\) together with Temma 2.9 in [6 ] (where h = 1). However, i f  we had applied 
Temma 1 only fo r  h'=\ and subsequently used Temma 2.9 o f  [6], the resultingsecond term

t  + m{]j — l )

would be larger than the one given in Corollary 1.
An application to (T, j-)- sequences can easily be given:

Corollary 2. Any (T, s)-sequence in base I?} is a ( T s)-sequence in base b h , where 
(fpith h'm —hm+r, 0 < r  < h)\

T ' ( m )  := min
hT  (m ) + ( j- — 1) (h — 1) + r

T  (m) + m(h — 1) +
J '

m

Rem ark 3. Obviously, a corresponding statement about (/, s)-sequences can be given by 
lettingT(m) be a constantfunction and estimating the remainder r  by the worst possible 
caseh—\. Again, the combination o f  Propositions 4 and 5 in [7] already leads to the result- 
ingfirstterm \(ht  + (h — l )x )/h'~\.

4. Proofs

Proof o f  Theorem 1: Given an arbitrary (/, m , j')-net P  in base b /j, we want 
to determine t '  such that P  is a (t ' ,m ' , s ) -n e t  in base b h To that end, we 
consider an elementary interval J  in base b h of volume (b h ) f / (b h )'"
where t"  G {0, 
Let

m’} is arbitrary, and try to count the points inside J. 

a-, + 1/=n/=i (b>‘‘Y‘ ’ {bb’f

where an d- > 0 are integers and ^  d j  = m ’ — t
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Now, for all i, perform a division with remainder, defining 
dn t'i b'd- = hdj — r/, dj, rj > 0, rj < b. So for any i we have:

Clj Clj 1
(bky ;

Thus, by

Clj ttj 1
Jybdj—i'j ’ jybdj—rj

//'■-1

U
j =0

a,bn + j  ajbr; + j  + 1 

(b>'f  ’

s  b' i  — 1

n u
/=1 y=0

+ j  

(**)*
// '-I /;

U
y.=o

" - i /

u n
/x=0 / = 1

’ (4*)“

+ J j  ajb'' + j j  

l**j/M ’ (**)/M

/ is the union of lP r> elementary intervals in base bh, each of which has the
volume

Now, by the definition of ( / , j-)-nets in base b, if  any subset S of [0,1/ 
is a union of nonoverlapping elementary intervals in base b, each of which 
has a volume at least bf l b 11' , the subset S contains the “right” amount of
points namely bM times the j--dimensional volume of i".

_//// A \
In our case, the volume b ^  n of the single elementary

ponents of J  has to be at least {bh) f / (bh)m = b b^~m\ that is,
com-

h't

— t") + > h{t — m) <=>

' — 'y   ̂ri > ht.
/=i

So, if  for any t"  this inequality holds for all elementary intervals J  (in base
b h with volume b b ~f ^), which is equivalent to saying that it holds for 
the maximal value of the sum over the r,- (we defined M ( t " ) to be just this 
maximal value), then the point set P  is a ( t" , j-)-net in the base b h 
Finally, looking for the smallest such t"  gives us the claimed expression 
for t ':

t ’ = min{/> '/" -  M (t" )  > ht}. □
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Proof o f  Lemma 1: The first estimate of M ( t " )  is arrived at easily:

M(t" )  = max <f r, y ^  d '  = — /", /'/ = (—/jV/)mod /j
 ̂ /=i /=i ^

< max / )^ (-/ / m o d  b)d'j y ^  d? = /?/ —
t /=i /=i J

= (—//mod /;)(^/ — Z7).

For the second estimate observe that M ( t " )  < s(h — 1) and for any 
r\, , Tj. as in the definition of

S S

/'/ = y :  —h'd'j = —b\m  — t" )  = b't"  — b n  = ///''(mod />),
/=i /=i

which leads to the preliminary estimate

M ( t " )  <  maxj///^ +  kh\k E ~S-,b't" +  kh < .r(/;> — 1)}.

Clearly, the possible range of values for the right hand side expression is 
from (j  — 1 )(Jj — 1) to s(b — 1) since we can always add appropriate mul­
tiples of b to get into this interval. Inside this interval we have one and 
only one value that is congruent to h ' t"  modulo h. We can put this specific 
value into analytical terms as is done in the right hand side of the next 
inequality, giving the second estimate.

M ( t " )  < (x — \ ) (b — 1) + (/j t "  — (s — \)(b — l)m od b)

= (s — 1 ) (h  — 1) + (jo t "  + j- — lm od h).

The first estimate is strict for all t u such that (m' — t " )  < j■, since then 
we can choose d[ = d[ = = d'H/,_f„ = 1, d'Ml_t„ , x = = d '  =  0,
which makes the sum of the r-, equal to (rn1 — mod b).

The second estimate is strict for all t "  such that

(m — t " )  > (j- — l)(//_1mod /;),

We can choose d[ = = d'_x = (//_1mod h) and

d[  = (m'  — t" )  — (s — l)(//_1mod b),

which gives t\ -- = rs-\ = (b — 1) and rs = (b ' t"  + s — 1 mod b),
so that the sum of the r-, evaluates to the second estimate.

As a consequence of the last two paragraphs the given estimate for 
M ( t " )  is strict for b, b ' such that h ' = 1 (mod b). (We also have the slightly 
weaker sufficient condition b'~x mod b < (s +  \)/{s — 1) for strictness 
of the estimate.)
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For t i  = — 1 (mod h), note that r,- = d j  mod h, so that for 
fyi'—t") < ( j — 1 )(/6 — 1) = ( j- — l)(//_1mod b ) we can always reach the 
first estimate by choosing each d j  smaller than b , for then the sum of the r -, 
equals the sum of the d ] , which is (/;/ — t" )  = (m ’ — t " ) ( —h ' m  od h).

The last two paragraphs cover all cases of h —1,2,3,4, since for b = 1 the 
function M  is trivially constant and equal to 0 and for b >1 all relatively 
prime t i are either congruent to 1 or —1 modulo h. □

Proof o f  Corollary 1: A ll we have to do is to plug in Lemma 1 into Theo­
rem 1. For the first estimate of the Lemma (the second of the Corollary) 
we have:

tit"  — M(t" )  > t i t "  — (—//mod b) (m  — t " )  > bt  <£=> 

ht + m' (  — //mod ti)
t"  >

// + (—//mod h) ’
ht + m {—b' mod ti)

/ = m\n{t"\h't" — M(t " )  > ht} <
h' + (—//mod ti)

We also get t '  < m'  very quickly from the last line, observing 
ht < hm = h 'm'  and the monotonicity of the ceiling function.

As regards the other estimate, we have to find the smallest/^ that fulfills 
the right hand side inequality in

t i t" — M(t " )  > t i t"  — ( ( s  — 1 ){h — 1) + (t i t" + s — 1 mod h))  > ht.

We set t" = (/;/ + (j- — \)(b — 1 ) +  F ) / t i , F  6  Z.The inequality then 
becomes

ht  + (s -  \)(h -  1) + F  -  (s -  1 ) (b  -  1 ) -

(/;/ + (j- — \ )(h — 1) + J7 + j- — 1 mod h) = ht F — (F  mod h) > bt. 

Clearly, this inequality is fulfilled for all F  > 0 and no F  < 0. So

bt  + ( j  — 1) (h — 1)
H

completing the proof. □

/ = m in i/7]///7 — M(t")  > <

Proof o f  Remark 1: We want to establish a sufficient condition for the first 
term in the Corollary to be at least as large as the second one.

Initially we remove the ceiling brackets, using the monotonicity of the 
ceiling function:

ht + (s — \)(b — 1) ht + m ' (—b 'mod h)
h' — h' + (—//mod h)
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Now we multiply with the denominators and cancel equal terms:

(— //mod b)ht  + ( j  — 1) (h — \){h' + (—//mod b )) > hm (—h'mod b).

Finally we strengthen the inequality by using (—//mod b) > 1 on the left 
hand side and (—//mod b) < b on the right hand side:

ht  + (s — \)(b — \)(h' + 1) > b2m. □

Proof o f  Corollary: The given terms are obtained by first considering the 
base change where h' = 1, which can be done along the same lines as 
Proposition 4 in [7] (only now using our Corollary 1 instead of Lemma 
9 in [7]) and afterwards applying Proposition 5 in [7], corresponding to 
b = 1. These propositions, stated for (/, .resequences, are obviously valid 
for (T , .^-sequences as well if  we replace t  by T (m ) and do not estimate 
the remainder r  by the worst case h — 1. □
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