
sitzungsber. Abt. ii (2000) 209:8 1 -8 9  S i tz u n g s b e r ic h te
M athe m o tisch -n atu rw isse nsch aftlich e  Klasse A b t. II 

M athe m atisc h e , P h ysikalische  und Technische W issenschaften

©  Österre ich ische  A k a d e m ie  d e r W issen scha fte n  2 0 0 0  
Printed in Austria

A Convergence Lemma for the 
Parry-Daniels Map

By

F. Schweiger
(Vorgelegt in der Sitzung der math.-nat. Klasse am 16. November 2000 

durch das k. M. Fritz Schweiger)

Abstract
Nogueira has shown that the 2-dimensional Parry-Daniels map is ergodic. The proof 
uses the fact that appropriate sequences of cylinders shrink to points. The purpose of 
this note is to give a proof of this property which shows how the appearance of 
different types of digits is related to the convergence rate.
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*

Let E =  {x =  (xo,xi,^ 2) 0 <  xo,*i , * 2  <  l,xo +  *1 +  x2 =  1}. The 
2-dimensional Parry-Daniels map T  E —> E is defined as follows. 
Let 7T be a permutation such xwo < xn\ < x^2 then

m/ \ I -̂ 7r0 Xjy j XjrO X ^  Xjf |
T{xo,xu x2) = — , ------------, ------------

\-̂ 7r2 -̂ 7t2 -̂-7t2
Then (E, T) is a fibred system (Schweiger 1995, 2000) with the time- 
1-partition B { 7r) =  {x  G E it =  tt (x )}. The digits are the six permu
tations e, (01), (02), (12), (021), (012). As usual we put 7tj = 7r(fi~lx),
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j  = 1,2, It is well known that T admits an invariant measure with 
density

Daniels (1962) asked if T is ergodic with respect to Lebesgue measure. 
Parry (1962) proved that the 1-dimensional Parry-Daniels map is 
ergodic. A further step in this direction was given in Schweiger 
(1981). Let

r  =  {x e  £  7Tj(x) =  e oder (0 1 ) for any j  =  1 , 2 , .}
then A(r) > 0 . Therefore T is not conservative. It was reasonable to 
conjecture that T is an absorbing set (i.e. for almost all x  G E there is 
an n = n(x) such that Tnx  G T). Nogueira (1995) eventually showed 
that in fact, T is an absorbing set and T is ergodic. The proof uses the 
following result.

Theorem 1. ( “Shrinking Lemma”). Let 7rs.(x) G {(012), (021), (02),
(12)} for  infinitely many values o f s then limdiam B (ttj , , 7rv) =  0.

We first point out that without an additional condition on the digits 
TTjJ = 1 ,2 ,. the Shrinking Lemma is not generally true. We 
consider (a, ß, 7) G E, a  =  - 2  +  y/5, ß  =  1~ \ ^ >, 7 =  Then
(a ,ß ,  7 ) is a fixed point for T. Therefore the segment 
\ ( a ,  ß, 7) +  (1 — A)(0,0,1), 0 < A <  1, is invariant under T. This 
shows that

On the other hand geometric considerations strongly suggest the 
validity of the Shrinking Lemma. The purpose of this note is to give 
an arithmetic proof of this important fact. We introduce the matrices

diam 5((01), , (01)) > 2 ^ 5  -  4 >  0.
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If

and

/  .̂sO b.s0 C.vO
M  ( tc 1) . M (  7T,.) == 1 .̂?1 bsi C,1

\flj2 bs 2 C.s-2

1 +  Q-s2 1 :== itfj +  + bS2, C , :
then the map

Vs = v (  7Th . , 7r,.) E —>E( 7Ti, . , 7T,.), =  y
ClsOXQ +  b sQ X  1 +  C s Q X 2

y  0 =

yi =  

yi  =

AsXq +  Z?9Xi +  CSX 2 
as\x q +  b s\x  i +  cv,x2 

A vxo +  Bsx  i +  Cvx2 

fl52x0 +  bs2x  i +  c.v2x2

A,yxo +  jB.yX] +  Csx 2 

maps the simplex E onto the cylinder E (7Ti, , 7rv).
We put A (7Ti , , 7rv) :=  diam E (7Ti , , 7ry). The following lemma

is straight-forward.

Lemma 1. L etx =  (x0 ,X| ,x2),;y =  (^0,^1 ,y i) , z =  (zo,Zi,Z2) be three
collinear points, z =  Ax +  py, say. Then

d(Vsx, Vsz) 
d(Vsx, Vsy) M

Av);o +  ß.s^i +  Csy2
A sZo +  ß.yZi +  C SZ2 

Lemma 2. 70 =  Vv( l , 0,0), J\ =  Vy( 0 ,1,0), J2 =  Vs(0,0,1),

Ml =  =  V-v (5 > 5 ’ °) > M 0 =  Z =  ^ ( 3 . 5 . 3)
then we find the following ratios.

d  (y2, M 1) As d (Jo, M 1) Cs
d{Jo,J2) As +  Cs d(Jo,J2) As +  C,
d(Jo,M2) _  Bs d (Ju M2) _  As
d (J \ ,J0) Bs +  A s d(J\,Jo) Bs +  As
d(J\,Mo) _  Cs d(J2,Mo) _  Z?y
d{J2-,J\) Cs +  Z?y d(J2,J\) Cs +  Z?y
d(Jo,Z) Bs +  Cy d(Mo,Z) As

d (Jo, A/o) A.y +  5 V +  C, d(Jo, Mo) A s +  Z?y +  Cv
d(Ju Z) _  C ,+ A , üf(Mi,Z) _  ß , 

d(J], M 1) Ay +  Z?y +  Cy d(J\, M 1) Ay +  +  Cy

©Akademie d. Wissenschaften Wien; download unter www.biologiezentrum.at



d{J25Z) A s +  Bs d(M2:Z) _ Cs
d(J2,M 2) As +  Bs +  Cs ’ d{J2)M2) As +  Z?y +  Cy

Lemma 3. / / 7r,.+ 1 =  (02) or (012) //zerc

A (7r i,. , 7T.y, 7r.,+ i) < |A ( 7ri, , 7T v).

Proof: Observe that M \ , Z, 70 are the vertices of E (7n , , tts, (012))
and Jq,Z ,M 2 are the vertices of £ ( 7Ti,. , 7ry,( 0 2 )). Since for all
j  >  1 the inequalities

Cs ^  B s ^  As

are valid we see that

(  Cs Bs Bs Cy Bs +  Cy\  2
max ---------- , -----------, ------ , ------ , —------- I < - .

\A S +  Cs A s +  Bs Aj+i A.y+i A.y+i J  3

Lemma 4. I f  7rv+i =  (021) or (12) and tts G {(01), (012), (021),
(0 2 )} then

A ( 7 r i , .  , 7T.y, TT.v+1) <  | A ( 7 r i ,  . ,7Ty).

Proof: The vertices of £ ( 7Ti, , 7ry,( 0 2 1 )) are J \ ,Z ,M 2 and the
vertices E (7Ti , , 7ry, (12)) are Mo, Z, J \ . An inspection of the list of
ratios shows that the ratio

d (Ju Mo) _  Cs < 1 

d(J  i , J2) Bs +  Cs 2

is not problematic. A more careful analysis is required for the other 
ratios. We illustrate the method for tts =  (012),7ry+i =  (021). Then

A.5 _  A.y_ i +  Bs_ i +  Cy- 1 ^  2
As +  Bs 2A.y_ i +  Bs— i +  2Cy_i 3 

A y +  Cs 2A v_ j +  ß v- 1 +  Cs-1 ^  3 
As +  5 y +  Cy 3A.V_ i +  i +  2 Cy_ i 4

Lemma 5. Le? 7r.y+I =  (021) or (12).
Assume i\y G {e:, (12)} /o r  s -  w +  1 < j  < s but 7ry_„, G {(01),

(012), (021), (02)}. Then

A ( 7 r i , , 7r,., 7T,.+ 1) )  <  |  A ( 7 Ti , • • • , 7T,■_„,).

Proof: If 7ry_„, G {(01), (012), (021), (02)} then A.y_w < 2Bs- W.
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We note that the cylinder E (e , . , e) =  {x 7r7-(jc) =  e, 1 <  j  <  w}

has the vertices (0, 0, 1), Qw =  ( o , ^ , ^ ) ,  and

2 2 xv xv
(xv +  1) (w +  2) ’ (xv +  1) (xv +  2) ’ w +  2 )

Then the cylinder E(e, , e, (12)) has the vertices Qw, Qw+\, and
Ry i;-f- 1 .

The cylinder £ (e , , e, (021)) has the vertices Qw,R w+\, and

i _ _ xv(xv +  3)
^ w —

Jw  +  l)(w  +  4) ’ xv +  4 ’ (w +  l)(w  +  4) J  

We apply Lemma 1 to the map Vs- W E —> E (7Ti ,. , 7r^_v,,).

(021), (01)} and iTj G {e, (12)} , 5 — XV + \ < j <
the case 7Tj = £, S —XV +  1 < j < s .

=Let xv =  1. Then the line through Qi
meets x\ =  0 in the point Ti = G .0 . 5) . Therefor

d(Q i , * 2) Ay-1 + c,_ ,
d(Q] ,7 i) A-s- 1 +  2 Bs- 1 +  3C s._i

since As.-1 5: . We also find

d(Qi ,S |) A s- 1

d(Q i,^2) A-s— ]1 +  2 Bs—1 +  2 Cs- 1

and

d(S], r 2) c,_ ,
d(S\, h ) A,_, +  2Bs-\ +  3C y_i

The line through Q2 =  (0 , 1 2\ 
3 ’ 3/ and R2 -= a  2 3\ 

\6 ’ 6 ’ 6/
point Y2 =  (1 .J> 0 ) . Therefore, again

d(Q i , R2) 2A.v_i + Bs- 1

^ (0 2 , Y2) 2A,_ 1 +  4Bs- 1 +  6 C s— i

Clearly

4 Ö 1, 0 2 ) 1

1^ 2 ) 3 '

1
< -  
-  2

1
< -  
“  2

1
< -  
-  6

2
< -  
“  3
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Now consider w > 2. The line through Qw =  ^0, and

*"■+' =  ( ( u.+2K ',+3)» (t,+ 2 )^ ,! l3 )»S g )  m e e ts  x 2 =  0('-) in  the P o in t

T« = ' («.+2~)o>~-i) - ° )  • Then we find

d(Qw,R w+\) 2wAs- w +  (w2 - w -  2)BS- W ^  1. 
d(Qw, Tw) 2wAs- w +  (2w2 +  2\v)Bs—w 2

Furthermore, the line through Qw+ \ =  and

Ä”-+l =  ((^+2 meets x2 = °  in the p°int

iW i =  (^+2 >^T2 >o)- Then

d(Qw+15 R\v+1) ^  2AS—W -\- wBs- w ^  2
d(Qw+ \, ^vv+i) — 2 As- yv +  (2 w +  2)BS- W 3

Last but not least we find

d(Qw,Qw+\) = 1 < \
diQwiJi) w + 2 4

The estimate

d(Sw,R w+\) ^  2Cs-\
d(Sw,J2) 2 AJ_i +  2{w +  l ) ß T_i +  (w +  l)(w  +  2 )Cv_i

2  1
< --------------------------- <  -

(w +  2)(w +  3) 6

is unconditionally true.
The line through Qw and R w meets x2 =  0 in the point

Yw =  (^^rr 5 5 0 )  and we find as before

d(Qw,S w) < d(Qw, Rw) <  2 
d(Qwt Yw) ~  d(Qw, Yw) ~  3 ’

In the other case let nj = E,s — w + \ < j < t  and 7r/+i =  (12), 
t +  1 < s. Since clearly

A ( 7 T i , ,7Tj+ i ) <  A (7 T i , . ,7T,+ i )

we are back to a situation already considered and we find 

A ( 7 T i ,  ,7Tj + i )  <  |  A ( 7 T i ,  ,7Ts- w ).

The only remaining case is 7Tj e  {e, (12)} for all j  >jo.
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Lemma 6 . Let ttj e  {e, (12)} for  all j  > 1. Then

A(7Ti , . , 7TS) < c
1

V*'

Proof: Let J0 =  ,% ) , and J2 =  ( f j , £ , g )
be the three vertices of B(ir\ ,. , ns). Note that bso =  cso =  0 but this
fact does not help very much. To estimate the distances d(Jo,J\), 
d(J\^Ji), and d(J2,Jo) we need estimates for the determinants

■=

[C,A]{ :=

asj bsj

As Bs

bsj c v

Bs Cs

c y Q-sj

Cs As

j  = 0 ,1 ,2 .

Since the estimate is the same for j  =  0, 1, 2 we may omit the index j. 
Note that for 7r,5+i =  £ or (12)

As+i =  As +  Bs +  Cs 

Bs+1 =  Bs +  Cs

but

C?-|_] Cs if 7TS-1-] £
Cs+1 =  Bs if 7T?+i =  (12).

Since A\ =  3,B\ =  2, C\ =  1, we get As < (5 +  1 )BS.
Since |[ß, C]r+1| =  |[ß, C]J we find by induction that |[ß, C]J < 1.

This shows

Put 0 (5 ) =  max

P ,C ] ,
BSCS 

IKa],l \[CA]S
ASBS ’ ASCS

1 1
<  —  <  ---------------------------

Bs s -f- 1 

Then

l[A1BL±1| < |[A,B]s| +  |[C ,4 ,
A ca-\BJ+ 1 Ds+ 1 Ay+1 {Bs +  Cs)

< 0(s)-------—-------< 0(s)S +  1
As +  Bs +  Cs s -1-2
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Now assume that 7ry+) =  (12). Then

l [ c . ^ U ^ |[A,£LI +  |[ i ,c ] , |
-̂ .5’+1 Cj+1 A.y_|_1 Bs

ASBS As “I- Bs CSBS J
I . \ s “I- 1 1

< max ( 6(s)
s +  2  ’ j  +  1/

If 7t5+i =  e then we find

I [ C ,4 ,+ II J [ c . 4 , l  +  I[g .c ], l
^S+ 1 C-S+ 1 •̂ .T+ 1 Cs

If 7ts = e we expand further and find

1[C.4,+ I I ,, ][C,A],_,| + 2 |[B ,q „ | |
As+1Cs+1 (A.y_i -\~2Bs-\ +  3Cs-\)Cs-\

\  ASCS-1 Bs-\Cs- i + 2 C S_\J

If 7vs =  (12) we obtain

l[g .4 ,+ l l |[A,B],_,| + 2|[B,C]^,|
A.y+iC,+i (A y_i +  3BS_\ -\- 2Cs-\)Bs-\

V AA-1 2B2s_ i + B s- i C s- \ )

< max ( Q(s -  1) — J.
V J s + \  S + 2J

Hence 9 ( s I )  <  max(^6(s -  1) ^ , 6(s) ^  , ^ ) . It is easy to see 
that ^(s) <  -jL== satisfies these recursive conditions.

Rem ark: In fact one can show that

E = {x € £  TTyC*) =  £ or (12) for ally > 1} =  {x 6  £  xo =  0}.
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This follows from the fact that 0 < xo <  1 implies
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